The spin Hall effect of light attracted enormous attention in the literature due to the ongoing progress in developing of new optically active materials and metamaterials with non-trivial spin-orbit interaction. Recently, it was shown that rotating fermionic systems with relativistic massless spectrum may exhibit a 3-dimensional analogue of the spin Hall current -the chiral vortical effect (CVE). Here we show that CVE is a general feature of massless particles with an arbitrary spin. We derive the semi-classical equations of motion in rotating frame from the first principles and show how by coordinate transformation in the phase space it can be brought to the intuitive form proposed in [1] . Our finding clarifies the superficial discrepancies in different formulations of the chiral kinetic theory for rotating systems. We then generalize the chiral kinetic theory, originally introduced for fermions, to an arbitrary spin and study chirality current in a general rotating chiral medium. We stress that the higher-spin realizations of CVE can be in principle observed in various setups including table-top experiments on quantum optics.
Introduction
Topological effects in optical systems attracted significant attention in the literature, see [2, 3] . One prominent example is the spin Hall effect of light (also known as the optical Magnus effect) [4] [5] [6] [7] which corresponds to a separation of circularly polarized photons in the direction transverse to their motion in an optically active medium. This effect originates in a topological phase for photons, often referred to as a Berry phase, in full similarity with its fermionic cousin. Notably, it can be seen as a modification of the velocity along a semi-classical trajectory due to the quantum corrections: 1) wherep is a unit vector along the momentum direction, b is an emergent "magnetic" field in the momentum space corresponding to the Berry phase, F is an external force, is an effective Planck constant which is proportional to the wavelength in vacuum. Two signs in b correspond to two photon polarizations. In an optically active medium, varying refractive index n(x) results in F ∼ ∇ n and, thus, light rays of different polarizations propagate with an opposite deflection according to Eq. (1.1). Further, integrating the velocity with the distribution function, one can arrive at the polarization current in a thermal radiation. Recently, it was shown that fermionic systems with relativistic spectrum may exhibit bulk topological transports known as chiral effects, see e.g. [8] [9] [10] . These phenomena are closely tied with the axial anomaly in relativistic field theories [11, 12] which, in turn, is related to the Berry phase in the kinetic description [1, [13] [14] [15] [16] [17] [18] [19] [20] [21] . The common origin of spin Hall effect and chiral effects in the fermionic case makes one to expect that spin Hall effect for higher spins may arise along with some bulk topological transports. Such an example of chiral effects for higher spin fields was proposed in [22] . In particular, the authors derived an analogue of the chiral vortical effect (CVE) for vector bosons (photons) which corresponds to a polarization current in a rotating thermal medium along the angular velocity. Soon after this photonic transport was also shown to originate in the Berry phase at the semi-classical level [23] completing the analogy.
The chiral effects may play a significant role in various systems from quark-gluon plasma (QGP) and primordial plasma in the early Universe to cold atoms and condensed matter systems at lower energies [8, [24] [25] [26] . Its relation with the axial anomaly and topological properties of the field configuration makes it a desirable object for an experimental study. At the moment, some examples of chiral effects were experimentally observed in Dirac-and Weyl-semimetals [27, 28] and there is an ongoing search in heavy-ion collisions, see e.g. [8, 9] and references therein. In this light, an extension of chiral effects to nonfermionic systems looks as a promising direction for further study. First, topologically non-trivial systems of condensed matter, cold atoms and quantum optics, are under active experimental investigation and novel effects can be immediately approached. Second, optical systems can serve as a playground to study many quantum effects in a controlled way and chiral effects for photons may give a guidance for the further considerations of the chiral effects in other systems. It can be also possible to relate the CVE of light with corresponding counterpart of the quantum friction of rotating objects [29, 30] . Finally, one may hope to incorporate all parity-odd effects into a closed complete picture which would be important for cosmological and heavy-ion applications, see e.g. [22, 25, [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] .
Here we consider the semi-classical description of particles with spin s ≥ 1 2 in a rotating system and extend the fermionic chiral kinetic theory [1, 13, 14, 18 ] to this general case. First, we follow [1, 23] including the effect of the spin-orbit coupling and of the Coriolis force intuitively and deriving both the spin Hall effect and the CVE current for arbitrary s. It is interesting that within this approach a single-particle/ray picture, commonly used in the literature on the spin Hall effect, can be extended to the CVE case which is to say just modifies classical trajectories. Then, we focus on an explicit derivation of the semiclassical equations of motion (EOMs) for massless particles in a rotating frame starting with a microscopic Hamiltonian. We show that the two versions of the semi-classical EOMs are in complete agreement up to a phase space coordinate transformation which modifies coordinates and momenta at the first order in . We derive the generalized CVE current which agrees with the literature in both the fermionic and photonic cases and extends the previous studies to an arbitrary spin.
Berry phase
Let us start with a brief review of the Berry phase for particles of an arbitrary spin by using the path integral formalism, see e.g. [1, 23, 41, 42] . The Hamiltonian describing a massless Weyl-type particle of spin s is given by [43] ,
associated with the subsidiary condition
where vector-matrices S are (2s + 1) × (2s + 1)-dimensional and form a representation of SU (2). As usual, the eigenvalues of any component of S are −s, · · · , s. Now we should consider the standard path integral
where P denotes the path ordering. We have to diagonalize the Hamiltonian to evaluate the path integral, to do so one can introduce a set of unitary matrices V p for each p(t), such that
where S z = diag(s, · · · , −s). The subsidiary condition projects onto the physical states with only two possible helicities and energies |p| and −|p|. The states with energy |p| corresponds to particles while the states with energy −|p| corresponds to either antiparticles, if the particles are charged, or unphysical states, if the particles are neutral. We consider only particle states and antiparticle states can be similarly treated. Then, one can rewrite the path integral as
noting that at two adjacent points on the trajectory, 6) whereâ p = −iV † p ∇ p V p and we have assumed ∆p = p 2 − p 1 to be small in obtaining the expression above. Taking the semi-classical limit during which the off-diagonal components ofâ p can be ignored, we find the action which takes the form
with the chiral dispersion relation ε p = |p| and a p = [â p ] ss being the Berry connection. From this derivation one can find that a p results in an emergent "magnetic" field in the momentum space 1 b = ∇ p × a p = ±sp |p| 2 where the sign corresponds to two possible helicities (The derivation above is, however, only for positive helicity).
Further, investigating the analogy between the fermionic case s = 1 2 and higher spins, it is instructive to highlight the similarity in the behavior of the general semi-classical action under Lorentz transformations which are known to be modified by the topological phase. An infinitesimal Lorentz boost should leave the semi-classical action invariant if one ignores the topological phase in Eq. (2.7), see [18, 44, 45] . The naive infinitesimal Lorentz boost is parameterized by
and it is straightforward to check that Eq. (2.7) transforms as
where
Recovering the form used in [18] , we can rewrite the variation as
and one can see that the leading correction to the action due to the Berry phase is not invariant if the naive prescription for the boost (2.8) is used. The modified prescription can be deduced from the uncanceled part of the variation (2.10). The new Lorentz transformation takes the form
and corresponds to a symmetry of the action up to the next-to-leading order in .
Despite that the generalization is straightforward due to the analogy between semiclassical actions for chiral massless particles of different spins, let us briefly describe the angular momentum conservation known to be non-trivial in the fermionic case. For an elastic scattering of two particles the angular momentum is conserved. Moreover, in the center of mass frame and with zero impact parameter, the spin and orbital contributions to the angular momentum are zero both in the initial and final states. Following the logic of [18] we boost along the velocity of an incoming particle. The initial angular momentum is unchanged and stays zero in this setup. Nevertheless, outgoing particles are boosted, their momenta are not collinear anymore, and their spins cannot cancel each other. Note that the momentum and spin are slaved for a chiral particle. On the other hand, the full angular momentum should be zero if the final particles are coming from the same point and the conservation is seemingly violated as noticed in [18] .
However, the new Lorentz transformation (2.11) contains a shift of the trajectories leading to a non-zero orbital contribution to the full angular momentum in the final state which exactly compensates the spin contribution in the boosted frame. Indeed,
while the total spin of the scattered particles is given by the boost of the unit vector along the momentum multiplied by the spin value
and one concludes that L final = −S final for any value of s. Thus, we have arrived at a generalization of the famous side jump concept for chiral particles with s > 1 2 , see e.g. [18, 44] .
Rotating frame: Intuitive picture
We have derived the semi-classical action (2.7) for a particle of an arbitrary spin and seen that the Berry phase affects the angular momentum conservation. For our purpose of studying CVE, one has also to take into account non-inertial effects due to the system rotation. However, there is no agreement on the proper modifications of the semi-classical EOMs in the literature, see e.g. [1, 15, 18, 46, 47] . To make a connection between various considerations, we rely on two distinct approaches to the problem and show that the final EOMs can be brought to the same form by a phase space coordinate transformation at the leading order in .
Let us start our consideration with the simplest choice of the semi-classical EOMs in a rotating frame which are obtained from the semi-classical EOMs in electromagnetic field by naively replacing the Lorentz force with the Coriolis force [1] , theṅ
where F is an external force, Ω is the angular velocity of the rotating frame, and the last term represents the Coriolis force for a massless particle. The effect of forcing F is needed to derive the spin Hall effect [2] along with CVE and it may include both non-inertial effects and a regular forcing. Note that the equations describing a semi-classical trajectory for an arbitrary spin are identical with the fermionic case, up to the value of s hidden in ε and b.
It is crucial to note that the energy of a chiral particle should be shifted by a spin-orbit interaction [18] and, at the leading order in powers of the angular velocity,
where we have introduced a potential Φ corresponding to the force F . That not only modifies the EOMs but also results in an anisotropic distribution function entering the CVE current.
To proceed further one has to express the time derivatives in Eq. (3.1) through nonderivative terms, transforming equations to the form
where G = (1 + 2 |p| b · Ω) 2 is the determinant of the coefficient matrix in Eq. (3.1).
It should be stressed that √ Gdx 3 dp 3 is the invariant phase space measure obeying the Liouville equation [48, 49] . This measure is required to properly treat the axial anomaly at the semi-classical level in the case of massless fermions in external electromagnetic fields, see e.g. [1, 13] .
Before moving further it is instructive to take a closer look at the velocity along the trajectory. Expanding up to the linear order in Ω, one obtainṡ
The second term on the rhs is a single-particle form of the spin Hall effect for an arbitrary spin s which consists in a shift between trajectories of the two polarizations in the presence of a forcing 2 . The last term in Eq. (3.4) is caused by non-inertial effects and can be associated with an interplay between the Coriolis force and the Berry phase. Since this term results in the CVE current in a chiral medium, as we will see shortly, it should be considered as a single-particle realization of this chiral effect 3 . Interestingly, the similarity between the spin Hall effect and CVE at the one-particle level is not stressed in the literature to the best of our knowledge and we highlight that here.
With the semi-classical EOMs in hand, we can write down a semi-classical kinetic equation for the distribution function f (t, p, x) in phase space:
with C[f ] the collision term andẋ andṗ given by Eq. (3.3) . This is the chiral kinetic equation. We now can derive the CVE current in a rotating thermal gas of particles with an arbitrary spin s. Since we are interested not only in charged particles it is more convenient to introduce the current as a number current [1, 13] 
where f should satisfy Eq. (3.5) and p =
The problem is strongly simplified at equilibrium in which f depends only on ε. There are two distinct contributions to the CVE current: the linear-in-Ω part of √ Gẋ and the anisotropy of the distribution function due to the energy shift f (|p| − s (p · Ω)). The full CVE current takes the form
Averaging by angles we find that in a rotating medium there is a current along the rotation axis. If both left-and right-handed contributions are taken into account, one finds that in a rotating medium there is a chirality transfer given by
In the fermionic case s = 1 2 and the chirality transfer corresponds to the axial current, f (|p|) is the Fermi-Dirac distribution function. One could find that the resulting value of the CVE current coincides with other derivations and is given by
Ω, where µ ± are chemical potentials for right-and left-handed fermions, see e.g. [51] [52] [53] [54] . One should note that Eq. (3.7) is general and gives the chirality transfer in a rotating system of massless particles with an arbitrary s including CVE for photons [22, 23, 55] .
It is worth mentioning that in many setups the semi-classical EOMs take the form (3.1) with a modified "spin-orbit" coupling in ε leading, in principle, to a similar transport at equilibrium, see e.g. [56, 57] . However, the energy shift due to the "spin-orbit" interaction can naively modify the current and velocity along the trajectory. Interestingly, it appears that the energy shifts in the distribution function and in the √ Gẋ cancel each other,
. This fact, noticed previously for the response of s = 1 2 fermions to magnetic field [50] , appears to be general and also explains the agreement between derivations based on Eq. (3.1) despite whether the "spin-orbit" correction is taken into account or omitted.
Rotating frame: First principles
We have seen how the CVE current (3.7) can be derived for an arbitrary spin using the semiclassical EOMs (3.1) and chiral kinetic theory. While most relevant non-inertial effects are included intuitively in Eq. (3.1), this approach is far from being satisfactory and it would be instructive to derive the EOMs from first principles. One may note that Eq. (3.7) is in agreement with the common answer for the CVE in the fermionic case which was extensively studied in the literature, see e.g. [1, 18, [51] [52] [53] [54] . Thus, while the semi-classical EOMs (3.1) can be incomplete, we expect the CVE current to be the same. In this section we will consider an explicit derivation of the semi-classical EOMs in a rotating frame seeking for a more accurate description along a similar strategy as in [26] .
We start with a single "right-handed" free massless particle of spin s in a rotating frame and use as an expansion parameter. The Hamiltonian (2.1) is modified due to the coupling between the full angular momentum and the angular velocity [58, 59] :
where the dynamics of S is constrained by the same subsidiary condition (2.2). We note here that the Hamiltonian (4.1) is the one measured by a rotating observer while the momentum p in Eq. (4.1) is still define in the inertial frame, see discussion in Ref. [60] .
The Heisenberg EOMs corresponding to this Hamiltonian are given bẏ
One can solve for the spin degrees of freedom order by order in : 
Imposing the subsidiary condition (2.2), one finds, as expected, that it projects onto the two possible physical states with λ = ±s. This is consistent with the fact that a massless particle of an arbitrary spin has only two independent degrees of freedom. Substituting S 0 and S 1 into Eq. (4.2), we obtain the time evolution of x and p,
where the dispersion relation corresponding to the Hamiltonian (4.1) is given by
One can readily see that Eqs. (4.5)-(4.6) differ from the EOMs and the dispersion relation used in the previous section. Surprisingly, the EOMs (4.5) are seemingly independent if the external force is turned off. Note that for neutral particles, e.g. photons, the antiparticle state with λ = −s is meaningless, so we keep only λ = s case which corresponds to the right circularized photon. To get the left circularized photon, one has to change the sign in Eq. (2.1). The chiral kinetic equation take the same form as Eq. (3.5) but withẋ andṗ now given by Eq. (4.5). We are interested in the CVE current which can be found from a similar expression as (3.6) in the previous section. However, one can readily find that there are two main differences comparing to the previous section at equilibrium: 1) the measure of the phase space integral is trivial; 2) the distribution function explicitly depends on the coordinates through the dispersion relation. If we rely on the same definition of the current we will obtain only 1/3 of the expected CVE response. This is due to the lack of the magnetization current associated with the side-jump effect, which should be taken into account in order to ensure the Lorentz symmetry [18] ,
Note that in principle one had to consider a similar contribution in Eq. (3.6). However, the dispersion relation (3.2) involves no coordinate dependence in a uniformly rotating medium and this term can be safely omitted. At equilibrium f = f (ε) the current linear in reads
One may note that the side-jump effect contributes to the integrated current both for the spin Hall effect and for the CVE. Considering the CVE current at the rotation axis and keeping only terms linear in Ω we find 8) or, integrating by parts and summing over chiralities,
which reproduces Eq. (3.7). In next section, we will show that the two descriptions based on the EOMs (3.3) and (4.5) are, in fact, related by a phase space transformation.
Coordinate transformation
As was mentioned above, the agreement between (3.7) and (4.9) is expected from general arguments. However, it is interesting to find the underlying reasoning for this peculiar fact. Since the phase space measure is different in two considerations it is natural to assume that there is a coordinate transformation bringing the two sets of EOMs to the same form and, thus, also links the two chiral kinetic theories. Here we will seek for redefined notions of coordinate and momentum to see how the two pictures relate with each other. Let us call the new momentum and coordinate k and y to avoid a confusion with notations used before, taking a simple ansatz
We can re-write Eq. (4.5) as a matrix relation
where ζ is the minus inverse of the symplectic form. Comparing with Eq. (4.5), we find that its components are given by
One can write a similar relation for the new coordinates Note that the invariant measure of the phase space coordinates (y, k) is given by the transformation Jacobian. As we have seen, the difference between the two dispersion relations is crucial and we eliminate the explicit x dependence in ε first. This can be achieved by choosing 5) because in such case we can express ε as, 6) neglecting O(Ω 2 ) terms. Next, we assume that Φ is a function of y solely and a is O( ) and O(Ω) because without quantum effects and rotation there is no need to have position shift. Finally, we are interested in the region near x ∼ 0 so that we can neglect terms explicitly ∝ x in the final EOMs (but not in (4.6)). In fact, the region far from the rotating axis requires a more careful discussion, see e.g. [51] .
Within the mentioned approximation, we have
and the invariant measure of the phase space (y, k) is reduced to
Finally, choosing a to be
we find that Eq. (5.7) and Eq. (5.8) take the desired form as given in Eq. (3.3) (in the considered limit)
where √ G = 1 + 2 |k|Ω · b and ε is given by Eq. (5.6). So we find that the two sets of EOMs presented in the previous sections are in complete agreement up to a phase space coordinate transformation and lead to the same CVE current.
These equations can be also compared with the EOMs for right-handed fermions (s = 1/2) in electromagnetic field expanded to the leading order in powers of fields,
with k being the kinetic momentum of the particle, ε B = |k| − Φ − B ·k/(2|k|) being the dispersion in magnetic field [14] (where Φ should be understood as Coulomb potential), and the phase space measure
A replacement E ↔ F , B ↔ 2|k|Ω links the sets (5.10) and (5.11) as well as the corresponding phase space measures. (But the correspondence between ε and ε B is different due to the influence of Landé g-factor which is 2 rather than 1 for spin-1/2 fermions.)
Let us comment about the physical meaning of the transformations (5.1). For this purpose, we consider a local, instantaneous, Lorentz boost which transforms the frame with coordinate x and momentum p to a frame with coordinate y and momentum k. The boost velocity is nothing but β = −Ω×x (Note that we are considering the region near the rotating axis so that |β| is small). Thus we find that our coordinate transformation has the following sense: 1) Before the transformation, the energy is defined in the rotating frame corresponding to a Killing vector ∂ 0 in terms of the momentum p measured in the inertial frame. After the transformation, the same energy is expressed in terms of the momentum k measured in the rotating frame. Thus, Eq. (5.1) is a local Lorentz transformation of the phase space from the inertial frame to the rotating frame. Recently, the same conclusion was also drawn from a more involved method based on the Wigner function defined in curved spacetime in Ref. [60] .
2) The momentum of the particle at x in the inertial frame transforms to the corresponding momentum in the rotating frame according to Eq. (2.11), δ β p = |p|β, which is exactly the field A in Eq. (5.5). The field A can also be considered as an effective gauge field with the field strength B eff = ∇ × A = −2|p|Ω giving a relativistic extension of the well-known Larmor theorem for massive particles.
3) The position transformation a is nothing but the side jump given in Eq. (2.12). This effect in the transformed coordinates does not appear in the expression for the CVE current (as the magnetization contribution) but is accounted exactly by the position transformation. We note that δ β x given in Eq. (2.11) gives an additional term −(Ω × x)t which, however, does not change the EOMs given in Eq. (5.10) at O(x 0 ). The time is the same before and after the boost, δ β t = β · x = 0.
Summary
In summary, we have developed a semi-classical framework for massless particles of arbitrary spin s ≥ 1/2 in rotating frame. Our framework can apply to both single-particle problem and many-body problem. The former is described by a set of semi-classical singleparticle equations of motion (EOMs) and the latter is described by the chiral kinetic theory. We consider two different formulations of the EOMs as well as the chiral kinetic theory and show that they are connected by a coordinate transformation in the phase space and are, thus, equivalent. Such a coordinate transformation is further recognized as a special Lorentz boost containing the so-called side-jump effect. In particular, in one of the two formulations, the EOMs are in close analogy to those in electromagnetic field assembling a relativistic Larmor relation between rotation and magnetic effects. Our finding clarifies the superficial discrepancies in the literature between different formulations of the chiral kinetic theory for rotating systems.
The spin Hall effect for an arbitrary spin appears naturally as a Berry phase effect in our formalism. We show that both the spin Hall effect and its cousin, the chiral vortical effect, are a general feature of massless particles with an arbitrary spin. We give explicit expression for the chirality current in a general rotating chiral medium. The higher-spin realizations of chiral vortical effect can be in principle observed in various setups including table-top experiments on quantum optics.
To proceed, we temporarily choose the axes so that the z-axis is along the direction of p and employ the relations, (S x ± iS y )C l = [s(s + 1) − l(l ± 1)]
1/2 C l±1 , (A.3)
It is clear that only the term with l = s − 1 in the summand of Eq. (A.2) can contribute to b and only b z is nonzero:
(A.5)
Recovering to a general coordinates, we obtain b = sp/|p| 2 .
